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Abstract. On the real line, the Dunkl operators D  are differential-difference operators 

associated with the reflection group 2Z  on R . In this paper, we study the fractional 

maximal operator associated with the Dunkl operator  ,M  in modified D -Morrey 

spaces   dmRLp ,
~

,  within the framework of R . We present sufficient conditions for the 

boundedness of the operator  ,M  on modified D - Morrey spaces   dmRLp ,
~

, . 
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1. Introduction 

 

Morrey spaces, introduced by Morrey [22], play an important role in the 

regularity theory of PDE, including heat equations and Navier-Stokes equations. In 

harmonic analysis, Morrey spaces are crucial for analyzing the behavior of 

integral operators and providing conditions for the global existence of solutions to 

nonlinear PDEs, such as the Schrödinger equation. However, in the theory of partial 

differential equations, along with Morrey spaces, modified Morrey spaces also play 

an important role [1, 3, 8, 9, 19, 20, 25, 26]. The modified Morrey spaces 

  dmRLp ,
~

, ,  introduced by V.P. Il’in [14]. The modified Morrey spaces 

 n

p RL ,  are the set of all locally integrable functions f  with the finite (quasi-

)norm 

 
  txBL

p

tRx
L pnp

ftf
,1

0,

~ sup
,









 , 

   where  txB ,  denotes the ball centered at 
nRx  with radius 0t , 

   tt ,1min1  , see [9, 13]. 

 On the real line, the Dunkl operators   are differential-difference operators  

introduced in 1989 by Dunkl [4]. For a real parameter  2/1 , we consider  the 

Dunkl operator, associated with the reflection group 2Z  on R : 
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  
 

 
   

Rx
x

xfxf

dx

xdf
xfD 


 ,

2
12:  . 

Note that dxdD /2/1  . 

 Let 2/1  be a fixed number and m  be the weighted Lebesgue 

measure on R given by 

     .,12:
1211 Rxdxxxdm 
 

   

For any Rx  and 0r , let 

     rxrxyRyrxB  ||,||,0max|:|:,  be a Dunkl-ball in R . 

Then    rrrB ,,0   and   22,0  
 rcrBm , where 

     11 112:
  

c . 

The maximal operator M  associated by Dunkl operator on the real 

line is given by 

         
 
 




rxB

r

RxydmyfrxBmxfM
,

1

0

,,sup:   

and fractional maximal operator 𝑀𝛼,𝜈, 0 ≤ 𝛼 < 2𝜈 + 2
 
associated by Dunkl 

operator on the real line is given by 

         
 

.,,sup:
,

22
1

0
,   




rxB

r

RxydmyfrxBmxfM 




  

It is well known that maximal and fractional maximal operators play an 

important role in harmonic analysis (see [29]). Also the fractional maximal 

function and the fractional integral, associated with D  differential-difference 

Dunkl operators play an important role in Dunkl harmonic analysis, differentiation 

theory and PDE’s. The harmonic analysis of the one-dimensional Dunkl operator 

and Dunkl transform was developed in [10, 11, 19, 21]. The Dunkl operator and 

Dunkl transform considered here are the rank-one case of the general Dunkl theory, 

which is associated with a finite reflection group acting on a Euclidean space. The 

Dunkl theory provides a useful framework for the study of multivariable analytic 

structures and has gained considerable interest in various fields of mathematics and 

in physical applications (see, for example, [5]). The maximal function, the 

fractional integral and related topics associated with the Dunkl differential-

difference operator have been research areas for many mathematicians such as C. 

Abdelkefi and M. Sifi [2], V.S. Guliyev and Y.Y. Mammadov [10, 11, 12], Y.Y. 

Mammadov [16, 18], L. Kamoun [15], M.A. Mourou [23], F. Soltani [27, 28], K. 

Trimeche [30] and others. Moreover, the results on  dmRL , -boundedness of 

fractional maximal operator and its commutators associated with D  were 

obtained in [12, 17]. 

It is well known that maximal operator play an important role in harmonic 

analysis (see [29]). Harmonic analysis associated to the Dunkl transform and the 
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Dunkl differential-difference operator gives rise to convolutions with a relevant 

generalized translation. In this paper, in the framework of this analysis in the 

setting R , we study the boundedness of the fractional maximal operator 𝑀𝛼,𝜈, on 

modified D -Morrey spaces   dmRLp ,
~

, . 

By A≲B we mean that A≤CB with some positive constant C independent of 

appropriate quantities. If A≲B and B≲A, we write A≈B and say that A and B are 

equivalent. 

2.  Preliminaries in the Dunkl setting on R  

Definition 1. Let     0,,1min,,,0 1  tttRRp  . We denote by 

  dmRLp ,,  the Morrey space [24] (≡ D -Morrey space), and by   dmRLp ,
~

,  

the modified Morrey space [24] (≡ modified D -Morrey space), associated with 

the Dunkl operator the set of all classes of locally integrable functions f  with the 

finite norms 

    



dmtxBL

p

tRx
dmRL pnp

ftf
,,

0,
,

sup
,





 , 

 
 

  



dmtxBL

p

tRx
dmRL pnp

ftf
,,1

0,
,

~ sup
,





 , 

respectively. 

Definition 2. Let Rp  ,0  and R . We denote the weak Morrey 

space   dmRLp ,,  [24] (≡ weak D -Morrey space), and the weak modified 

Morrey space   dmRLp ,
~

,  [24] (≡ weak modified D -Morrey space), associated 

with the Dunkl operator the set of all classes of locally integrable functions f  with 

the finite norms 

    



dmtxBWL

p

tRx
dmRWL pp

ftf
,,

0,
,

sup
,





 , 

 
 

  



dmtxBWL

p

tRx
dmRLW pp

ftf
,,1

0,
,

~ sup
,





 , 

respectively. 

Lemma 1. [24] If 220,0  p , then 
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      dmRLdmRLdmRL ppp ,,,
~

,,   

and 

     
 

 dmRLdmRLdmRL ppp

fff
,,,

~ ,max
,,

 . 

Lemma 2. [24] If  p0 , 220    then 

      dmRWLdmRWLdmRLW ppp ,,,
~

,,,,   

and 

     
 

 dmRWLdmRWLdmRLW ppp

fff
,,,

~ ,max
,,,,

 . 

Remark 1. [24] If  p0 , and 22   , then 

     RdmRLWdmRL pp   ,
~

,
~

,, , 

where  R  is the set of all functions equivalent to 0  on R . 

3.  Fractional maximal operator  ,M  in modified Morrey spaces 

  dmRLp ,
~

,  
In this section, we investigate the boundedness of the fractional maximal 

operator Mα,ν in modified Morrey spaces   dmRLp ,
~

, . 

The following Guliyev type local estimates are valid (see also [6, 

7]).  

Lemma 3. Let 
22

11
,

22
1,220
















qp
p  and  rxB ,  be 

any Dunkl-ball in R . If 1p , then the inequality 

       





 dmtxBL
rt

q

dmBLdmrxBL
ftrffM

pq
,,

22

2

22

,2~,,,
1

sup 






 
                        

(1) 

 

holds for all  dmRLf loc

p , . 

Moreover if 1p , then the inequality 

       





 dmtxBL
rt

q

dmBLdmrxBWL
ftrffM

q
,,

22

2

22

,2~,,,
11

sup 






                

(2) 
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holds for all  dmRLf loc ,1 . 

Proof. Let 
22

11
,

22
1,220
















qp
p . For 

arbitrary Dunkl-ball  

 rxBB ,  let 21 fff  , where Bff 21   and 
 B

Cff
22   

     
 dmBLdmBLdmBL qqq

fMfMfM
,2,,1,

~,,  . 

By the continuity of the operator     dmRLdmRLM qp ,,:,  , 

22

11








qp
 see, for example, [24]) we have 

   
.

,2~,1,


 dmBLdmBL pq

ffM   

Let y  be an arbitrary point from B . If     02,  ByB
C

 , then r . 

Indeed, if    ByBz
C

2,   , then rrryxzxzy  2 . 

On the other hand,       2,2, xBByB
C

 . Indeed,    ByBz
C

2,   , 

then we get  2 ryxzyzx . 

Hence 

 
  

   
   







ByB
C

zdmzf

yBm

yfM

2,22
10

2,

,

1
sup
















 

            

  
   

 



















 2,22
1

22

2,

1
sup2

xB
r

zdmzf

xBm

 

  
   

 



















 ,22
12

22

,

1
sup2

xB
r

zdmzf

xBm

. 

Therefore, for all By  we have 

 
  

   
 




















 ,22
12

22

2,

,

1
sup2

xB
r

zdmzf

xBm

yfM .                         (3) 

Applying Hölder’s inequality, we get 

 
  

   
 



















 ,22

1
2~

2,

,

1
sup

xB

p

p
r

zdmzf

xBm

yfM                                (4) 

Thus 

   
  

  
   

  












 






















,22

1
2

1

,2~,,

,

1
sup,

xBp
r

q
dmBLdmBL

zdmzf

xBm

xBmffM
pq

. 
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Let 1p . It is obvious that for any ball  rxBB ,  

     
 dmBWLdmBWLdmBWL qqq

fMfMfM
,2,,1,,,  . 

By the continuity of the operator     dmRWLdmRLM q ,,: 1   we have 

   
.

,2~,1,
1 

 dmBLdmBWL
ffM

q

  

Then by (4) we get the inequality (2). 

Lemma 4. Let 
22

11
,

22
1,220
















qp
p  and  rxB ,  be 

any Dunkl-ball in R . If 1p , then the inequality 

     



 dmtxBL

q

rt

q

dmrxBL pq

ftrfM
,,

22

2

22

~,,, sup








                       (5) 

holds for all  dmRLf loc

p , . 

Moreover if 1p , then the inequality 

     



 dmtxBL

q

rt

q

dmrxBWL
ftrfM

q
,,

22

2

22

~,,,
1

sup








                   (6) 

holds for all  dmRLf loc ,1 . 

Proof. Let 
22

11
,

22
1,220
















qp
p . Denote  

  
  

   
  













 




















,22

1
2

1

1 ||

,

1
sup,

xBp
r

q zdmzf

xBm

xBmA , 

 dmBLp

fA
,22  . 

Applying Hölder’s inequality, we get 

  
  

   
 

p

xB

p

q
r

q zdmzf

xBm

xBmA

1

,

1
2

1

~
1 ||

,

1
sup,















 













 . 

On the other hand, 

  
  

   
 

p

xB

p

q
r

q zdmzf

xBm

xBm

1

,

1
2

1

||

,

1
sup,





























  

  
  

 








 dmBL

q
r

q
p

f

xBm

xBm
,21

2

1

~
,

1
sup,


 . 

Since by Lemma 3. 
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 
,21

~,, AAfM
dmBLq




  

we arrive at (5). 

Let 1p . Inequality (6) directly follows from (2). 

The following Spanne’s type result completely characterizes the 

boundedness of  ,M  on modified Morrey spaces   dmRLp ,
~

, . 

Theorem 1. Let 








22
1,220,220 p , and 

22

11








qp
 

1. If    dmRLf ,
~

,1 , then   dmRLWfM qq ,
~

,,   and 

   
 dmRLdmRL pqq

fCfM
,,1,,

,

 ,                                       (7) 

where ,qC  is independent of f . 

1. If    dmRLf p ,
~

, ,  p1  then   dmRLfM
p

q
q

,
~

,
  and 

   
 dmRLqpdmRL p

p

q
q

fCfM
,

~,,,
~,

,
,

 ,                                       (8) 

where ,pC  is independent of ,p  and  . 

Proof. Let ,1p
 

 .,
~

,1  dmRLf   From the inequality (2) we get 

 
 

  




 dmtxBWL
tRx

dmRLW qnqq

fMtfM
,,,1

0,
,

~, sup
,






 

 
  










,

22

2

22
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which implies that the operator  ,M  is bounded from   dmRL ,
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which implies that the operator  ,M  is bounded from  .,
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4.    Conclusion 

We find sufficient conditions for the boundedness of the operator  ,M  on 

modified D - Morrey spaces   dmRLp ,
~

, . 
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